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Energy-time uncertainty principle and lower bounds 

on sojourn time 

Joachim Asch,*^OIivier Bourget, Victor Cortes, Claudio Fernandez^ 

18 . 01.16 


Abstract 

One manifestation of quantum resonances is a large sojourn time, or au¬ 
tocorrelation, for states which are initially localized. We elaborate on Lavine's 
time-energy uncertainty principle and give an estimate on the sojourn time. For 
the case of perturbed embedded eigenstates the bound is explicit and involves 
Fermi's Golden Rule. It is valid for a very general class of systems. We illustrate 
the theory by applications to resonances for time dependent systems including 
the AC Stark effect as well as multistate systems. 

1 Introduction 

By a state in a Hilbert space H. we understand a normalized vector ip ^ 
respectively the associated projector P = \'ip) {'ip\. Given a selfadjoint operator 
H \n % and the dynamics generated by H, the sojourn time for a state V’ is 
defined by 


/ OO 

( 1 ) 

-OO 

T is a measure of the total amount of time the system spends in its initial state; 
it equals the autocorrelation f^^tr (PPt) dt, where Pt := it is 

infinite if ip is an eigenstate of H. The main result we shall prove in this paper 
is a lower bound on T for a perturbed embedded eigenstate pj. 

More precisely, consider 


H = Ho + 
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EQ,'ijj such that HqiP = and Eq embedded in the continuous spectrum of 
Hq, k a small parameter. We assume that the eigenvalue is simple and that 
the restriction of Hq to RanP^ has good propagation properties which persist 
upon perturbation by kVk\ it is known that this is implied by a Mourre estimate 
which we assume in hypothesis (A) below. It involves, in particular, multiple 
commutators of unbounded operators; we now state and discuss our main result 
and refer the reader to Section 3 for a precise definition of the mathematically 
more involved objects. Denote x{H G I) the spectral projection of a selfadjoint 
operator W on a Borel set I, adA{B) = [A, B] = AB — BA the commutator, 
and by ad\{B) = ad’^^{adA{B)) its iterations. 

We assume that the quadruple Hq,V,A,I satisfies 

Hypothesis (A). Hq,A are selfadjoint operators, I an open interval and [0, 1) 3 
Kt-3 Vk 3 symmetric operator valued function such that: 

1. C D{Hq), Vs G M, the commutator [A,Ho] is Hq bounded 

and a Mourre estimate: 


x{Ho G I)i[Ho, A]x{Ho G /) > cx{Ho G I) + K 


holds with c > 0 and K a compact operator; 

2. ad\{Ho) are Hq bounded for k G {2,3}; 

3. ad\{V^) are Hq bounded uniformly in k for k G {1, 2 }; 

4. K t-A- Vk{Hq + i)~^ is differentiable in operator norm. 

With P-*- =1 — P, H-^ = P-^HP-^ and (P-*- — z) ^ its resolvent reduced 
to RanP^ denote 

P{k,z) := PV^P^ (h^ - zy^ P^V^P /mz / 0, K G [0,1) (2) 


the weighted reduced resolvent. The explicit assumptions (A) imply the exis¬ 
tence of the limit to the real axis E P fO) for P G I and its continuity in 
operator norm topology, see Theorem 3.1 below; this is in fact all we need to 
prove the following lower bound on the sojourn time: 


Theorem 1.1. Assume (A). Let be an eigenstate of Hq for a simple eigen¬ 
value Eq G P Then it holds for k G (0,1) and H = Hq -|- kV^ : 


T{H,j;)> 


1 

AP 


where the energy width AP, which is defined in (6) below, has the property 


AP = Im (jj, VqP^ (^H^ -EqP y ^ + o(k^) 

and T{H, jj) = oo if AP = 0. 
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Here P = lip) {p\, P-*- = I — P, Hq := P-^HqP^ and the limit 
P(0, Eq + iO) = PVqP-*- — Pq + iO) ^ P-^-VqP exists as a bounded oper¬ 
ator. 


Without attempting to review the huge amount of literature on quantum 
resonances and time-energy uncertainty principles we make some remarks. 

A well known time-energy uncertainty principle is 


T> 


Gvr 1 
5^5 AP 


with the uncertainty AH := — {p, , see [9]. For the situ¬ 

ation of Theorem 1.1 one has AH = kAV^ so the denominator of the lower 
bound is linear in k whereas in Theorem 1.1 it is quadratic. Also, instead of the 
uncertainty, our bound involves the term 


Im (p, VoP^ (Po^ - Po + fo) ' P^VoP 

which is the overlap of p with the continuum eigenstates induced by the per¬ 
turbation; the occurrence of this term is Fermi's Golden rule. See [26], ch XII.6, 
for more information. 

For a general treatment of time-energy principles see Frohlich-Pfeiffer [25]. 

Lavine's influence on foundations of the theory was important, see [19]. 
Our contribution here is to revisit his ideas with state of the art methods and 
to relate his lower bound to Fermi's Golden Rule thus making it efficient to 
produce concrete lower bounds which are in accordance to physics folklore and 
known mathematical results on related aspects. As pointed out below, see 
remark 3.4, our theory applies to systems with low regularity meaning that it is 
sufficient that the extension of P to the real axis is continuous. Furthermore it 
is flexible enough to accommodate for systems depending periodically on time. 
We illustrate this with two applications to systems which are important for 
physics and come as a perturbation of an embedded eigenvalue: the AC Stark 
effect and multistate systems, see Sections 4, 5 for additional motivation. With 
low effort we prove in both cases lower bounds on the sojourn time, equations 
(13) and (14), which seem to be new. 

The reader can trace back the development of general mathematical res¬ 
onance theory from the papers of Aguilar Combes [1], Simon [29], Orth [24], 
Cattaneo Graf Hunziker [4]. The main focus of these has been on the location 
of complex poles of an analytic continuation of the resolvent of H across the 
absolutely continuous spectrum, respectively on exponential decay laws of the 
form 


{P, e-^^^P) = a(K)e-*'^(^) + b{K, t) 


( 3 ) 
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where the V’ is related to the eigenstate V’, ci{k) = 1 + O(k^), 

Im{\{K)) = Im {iIj, F{0, Eq + iO)'ijj) + o(rc^) and b{K,t) can be estimated 
for small k. 

Our bound on the sojourntime, the square of the L^(]R, dt) norm of (V', 
gives complementary information to several points even if the time decay of b 
is well controlled. It was proven in [4], Theorem 1.2 that |6 (k, t)| < 
under the assumption that six relatively bounded commutators exist. Tnis esti¬ 
mate works for ijj = g{H)'ip with g a smooth function localizing near Eq, and the 
assumption Im{E{Q, Eq + iQ) < 0 was used in a crucial way. The bound on the 
error b belonging to L^(]R, dt), the exponential decay law implies an asymptotic 
of the sojourn time of ip', so in this situation it provides more information than 
our bound. Here we improve in three points: firstly we assume only existence 
of three relatively bounded commutators in (A).2 (respectively two in (A).3); 
secondly our result concerns the sojourn time of the unperturbed eigenstate p, 
a localization of this state as in [4] is not needed; this is potentially important 
for applications, see [18] for a discussion of this point related to open systems. 
Finally our theory covers the case Im{E{0, Eq -FiO)) = 0; remark that an ex¬ 
ponential decay law in this case was proven in estimate (2.19) in [6], which 
however, does not provide information on the sojourn time because their error 
term 6(k, •) may not be small in L^(M, dt). The same remark applies to the 
error bound of [21], Theorem 2.1. 

Let us mention that, technically speaking, our lower bound on the sojourn 
time works for systems for which E{k, E + i0) is continuous whereas the results 
mentioned above need higher order differentiability, see remark 3.4 for more 
information. 

Remark that the present method gives lower bounds on the sojourn time. 
Lower bounds on the Resonance Width, loosely related to Upper bounds on the 
sojourn time, where discussed, for example, in [8, 2]. 

In the following section we shall discuss the lower bound in an abstract 
setting; in Section 3 Theorem 1.1 is proven in the perturbative situation; in 
Section 4 we apply to the time periodic case, see Theorems 4.1 and 4.2, and in 
Section 5 to multistate systems, see Theorem 5.1. 

2 Abstract lower bound on the sojourn time 
and Lavine’s Energy width 

We review Lavine's [19] abstract lower bound involving the concept of a suitably 
defined energy width, Theorem (2.5) below. Then we relate it to Fermi’s Golden 
Rule. 

We denote the resolvent of H by R{z) = {H — z)~^. 
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Lemma 2.1. Let H be a self-adjoint operator on %. Then it holds for any 
state ij, any A G M and any e > 0 

TiH, ^ (2e/m(^, {H-{X + ie))"' ^P)) ' . (4) 

Equality holds for a A G M and an e > 0 if and only if {ip, . 

Proof. By Fourier Transform, the spectral Theorem and unitarity of 
one has 

1 (i?(A + ie) - R{\ - ie)) = \ e"'"' (V', dt. 

Now the claim follows from the Cauchy Schwartz in-equality, 

|lmW,ii(A + j£W)|<i (X (T(H, ^})'/^ = I AZWO _ ,5) 

where equality holds if and only if I 

Remarks 2.2. 1. If equality holds in (4) for finite e, then it is a corollary 

that T{H, Ip) = \ and thus \2elm{'ip, R{X ie)'ip)\ = 1. 

2. On the other hand, as was remarked in [29], equality in equation (5) 
implies analyticity of the spectral measure of ip and in particular that its 
support is the whole real line. Thus, equality cannot hold in general, in 
particular not for semibounded or gapped Hamiltonians. 

Starting from inequality (4) for T, Lavine defines his notion of energy width. 
Given A G M, consider the function 

/(e) := 2e lm(^, i2(A-F fe)-;/’) (^ > 0) 

f is non negative, continuous and monotonous, and limf_£.oo f(e) = 2, 
lim,^o /(e) = 2{ip,x{H e {A}) ip). 

Inspired by Remarks (2.2) one defines 

Definition 2.3. The energy width of the state ip at X £ M. with respect to H 
is defined as the unique real number 

AE := AE{H, ip, A) := inf{e G (0, oo) : 2e lm{ip, R{X -F ie)ip) > 1}. (6) 

Remarks 2.4. 1. AE{H,ip, X) G [0,oo], if AE{H, ip, X) = 0 then the pro¬ 

jection of Ip on the eigenspace of H at X does not vanish. 

2. lfAE{H,ip,X)>Othen 

2AE Im {ip, R{X -F iAE)ip) = 1 
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3. An intuition behind the definition of AE is provided by spectroscopy: 
the energy distribution of a resonant state at energy Er is expected to 
be Lorentzian (Cauchy). Testing this model, i.e. calculating /(e) for 
d{i^, Efj.'ip) = dp, we get 


2e" 


{p - A)2 + e^ n{p- ErY + 


dp 


_+ 9 ) _ 

(A-S,)2 + (e + r)2 


which equals 1 for e = y^r2 + (A — E^Y which in turn is minimal for 
A = Erl in this case e = AE = F, the half-width at half-maximum of the 
Lorentzian distribution. 


With this definition and Lemma (2.1) one gets 


Theorem 2.5. Let H be self-adjoint on TL. Then for any state ^|J in the domain 
of H and any A G M the following inequalities hold: 


TiH,Y)> 


1 


> 


1 


AE{H,Y,X) - ||(W-A)V;||' 


( 7 ) 


Proof. The first inequality follows from (4) and the definition of AE. For 
the second inequality it suffices to choose e = \\{H — A)-0|| and to show that 
/ (||(iF — A)/^!!) > 1 in order to conclude that \\{H — A)'0|| > AE. 

Now, by Holder’s inequality, one has for all e > 0 


1 = 


{E - A)2 + 


{E-XY + e‘^ 


dp\ < 


(\ 

\^-{\\{H-X)Yf + e^)lm{Y,{H-X-ie) V)J 

Taking the square and choosing e = \\{H — A)'0|| we infer 
/(||(W-A)V;||)>1. ■ 

In order to relate the energy width AE to Fermi's Golden Rule in a pertur¬ 
bative situation we prove 


Proposition 2.6. Let H be self-adjoint on TL. Let be a state in the domain 
of Ef, X € M, P the orthogonal projector on Y, X € M, R'^{z) = (Ff-*- — z) ^ 
the resolvent reduced to the subspace RanP^. 

If AE{P[,Y, X) defined in (6) is non zero, then it solves the equation 


AE 


(Y, [h -X- HP^R^{X + iAE)P^H^ y) 


( 8 ) 


Proof. 
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Employ “Feshbach type” perturbation theory, that is consider H as pertur¬ 
bation of Y)H := PHP + P^HP^, see, for example, [14]. Denote Pd(z) := 
(DH — z)~^. We have for PHP^ small enough: 

PR{z)P = {P{H - z)P - PHP^Rr>{z)P^HPy^ and thus 

{'tp,R{z)'tlj)-^ = - z)i;) - F{z) (9) 

with 

F{z) := y-^HP-^ - 

Denoting (H) := it follows that 

2/S.E R{X + iAE)'ijj) = 1 <;=> 

^ ^ 2A.E_ A.g + ImEjX + iAE) _ 

{{H) - A - ReE{X + iAE)f + {AE + ImE{X + iAE)f 

^ AE^ = {{H) - X - ReFf + ImF^ = \{H)-X-Ff . 


3 Quadratic lower bound for a perturbed em¬ 
bedded eigenvalue 

We now prove the lower bound on the sojourn time stated in Theorem 

1.1. We make use of a limiting absorption principle and continuity properties of 
the boundary values of the resolvent on states orthogonal to the unperturbed 
bound state which are known to hold under hypothesis (A), see [15, 4, 22]; 
the general idea is to show that a strong Mourre estimate holds for the reduced 
operator and then to apply the classical results in the spirit of [16]. We 
first recall the meaning of the commutators ad\{Ho) in hypothesis (A); this 
construction, originally developed in [23, 16] starts from the sesquilinear form 
i{Hou, Av) — i{Au, Hqv) which is well defined for all vectors u, v in the domain 
V{Hq) n 22(A). We quote the efficient resume of [4] made in the paragraph 
following their equation (4): 

If this form has a bound 

\i{HQU,Av) - i{Au,HQv)\ ^ C||m||||( 22o -Fi)u|| , (10) 

it extends to the sesquilinear form of a unique self-adjoint operator called 
f[22o, A] = iad\{Ho) which is bounded relative to Hq. Therefore the second 
order commutator z[z[22o, A], A] = — ad^(22o) is defined as well if the bound 
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(10) with i[HQ,A\ instead of ffo on the left hand side is assumed. For A: > 3 
the A:-th order commutator, denoted by ad^(ffo). is then defined recursively 
in terms of ad^“^(ffo) 3nd A. 

Recall the definition of the weighted reduced resolvent (2). We have 

Theorem 3.1. Assume (A) and let Eq be a simple eigenvalue of Hq with 
eigen projector P. Then there exists an interval I 3 Eq and a kq > 0 such that 
Vk, \ k\ < Kq, VA G I the norm limit 

E{k, a + fO) = ((Wo + - (A + P^V^P 

exists and is bounded uniformly in |k| < kq and A G I; furthermore for |k| < kq, 
Re{z) G I 

\\F{k, z) — F{k , 2^)11 < c{\k — k'\+ \z — z'^)^ 

Proof. The result is proven in [15], Lemma 8.11 under the assumption that 
G D{A^) and that two relatively bounded commutators exist. In [22] it is 
proven that the relative boundedness of ad^{Ho) implies V' £ D{A^). I 

Remark 3.2. Notice that in Theorem 1.1 Assumption (A).2 may be replaced 
by: 

ad^(Wo) is Ho bounded and the eigenvector belongs to D{A^). 

Note that [22] constructed an example with two commutators relatively bounded 
and 'll) ^ D{A^). 

We now finish the proof of our main result. 

Proof of Theorem (1.1). Suppose /S.E > 0, otherwise T is infinite, 
see Remark 2.4.1. Denote the resolvent with respect to Hq + by and 
{A)^p := {ip, Aip). We take account of the Lamb shift, meaning that in equation 
(8) we choose 

A = A 2 (k) := Eq + — K? Re (Rq {Eq + f0)\ 

Thus 


AE{X2{k)) = 


Re (^Rj: (Aa + iAE) - R^ {Eo + + Wm (Aa + iAE)^^ 

From Theorem 3.1 we conclude firstly that A£'(Aa(K)) = 0{k^) and sec¬ 
ondly that 


AE{X2{k)) — k'^ Im (^Rq {Eq + ^ < ck^ (k + AE + \X2 — Eo\)s = O . 
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Remark 3.3. It is crucial that the a priori estimate (7) is valid for any parameter 
X. So we can choose X 2 {k) above and thus implement the intuition provided 
by other theories. For example it was shown in [4], Theorem 1.2, that in the 
exponential decay law (3) it holds Re{X{K)) = X2 {k) + o{k‘^). The Lamb 
shift is determined by the perturbations Re{E{K)) — Eq where Eq stand for a 
degenerate eigenvalue of the hydrogen atom and E{k) for the resonance induced 
from Eq by the interaction of the atom with a quantized electromagnetic field. 
By calling the real quadratic correction to Eq "Lamb shift" in the proof of the 
theorem above we refer to an important achievement of mathematical physics: 
the proof that, for a suitable model, the second order contribution to the Lamb 
shift is determined by K^ReF{0, Eq + iO), see [3], Theorem 1.3. 

Remark 3.4. The proof actually implies the bound for the error; only 

o{k?) is stated in Theorem 1.1. Remark that the continuity of the function 
{k, X) E{k, X + iO) is sufficient to proof of Theorem 1.1. So instead of {A) 
we could have assumed this property; we opted for hypothesis (A) because it 
is simple and explicit. Remark, however, that the (Holder-) continuity of F, 
can be inferred by other methods, for example, from singular Mourre theory, 
see [7], Theorem 3.3. The above mentioned works on exponential decay rules, 
[21, 4, 6] assume higher order differentiability. 


4 Time periodic perturbations 

One feature of the simplicity of our theory is that applies immediately to time 
periodic perturbations of Schrodinger operators via Floquet theory. A particular 
special case is the two body AC Stark effect which is maybe the most simple 
physically relevant system to which our theory applies. Location and exponential 
decay for resonances were analyzed in detail by Yajima and Graffi [27, 11] 
using complex deformation methods and by Mpller and Skibstedt [21] in great 
generality using Mourre techniques. Here we aim only at lower bounds on 
the sojourn time in the two body case for smooth potentials which were not 
discussed before. 

Consider for t G M 

Hq = -^A + W and H(t) = Hq + KV^{t) on 

We assume that that T— periodic family 14(t) and W as a constant function 
of K, t satisfy: 

Hypothesis (AT). Let (k, t, x) i-)- g^it, x) G (^“([0,1) x M/(TZ) x W^; M) be 
such that for a 6 > 0 and all a G Nq 

sup sup \\{x)^^°‘dOg^{t,x)\\ < oo. 

Ke[o,i),te[o,r] 
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With a; ^ we denote by 

— 1 r 

VK{n) = exp {-inu:t)Vf^{t) dt 

^ Jo 

the multiplication operator in by the n— th Fourier coefficient of V^- 

Remark that f4(n)=f4(—n). 

Under assumption (AT) the propagator U generated by H{-) is well defined; 
the sojourn time depends on the initial time to 

/ OO 

|(V’,f7(t,to)V')|^ dt. 

-OO 

We now prove a lower bound for its average over 

Theorem 4.1. Suppose that W and satisfy assumption (AT). Let Hq = 
— + W on Let ijj be a simple eigenstate of Hq with eigenvalue 

Eq ^ I C 'M.\ cuZ which is non-resonant, i.e.: Eq + tuZ ncTpp(Wo) = {i5;o}. 
Then it holds for the lifetime of ip with respect to W(-) averaged over the initial 
time to ■ 


T J ^^0 - 

where the energy width AE has the property 


1 

AE 


AE = Im {ip, Vo{—n)RQ {Eq + n + zO) Vo{n)ip'^ + o{k^^^). 

nGZ 


Here Rq {Eq + n + fO) is the limit of the resolvent for Hq for n ^ 0 and the 
reduced resolvent forn = 0, VQ{n) := ^ /o^ e®"'‘^*Vo(t) dt. 

To prove Theorem (4.1) we use the space-time picture advocated by How¬ 
land, see [13], and apply our theory to the Floquet Hamiltonian 

K := Kq + KV^{t), Kq:= -idt- A + W on {T) ^ {R^) 

T := M/(TZ). It is known, [13] formula 1.6, that for tp G L^(T) (g) L^(M‘^): 

[e~''^^(p) {ts) = U{ts,t)ip{t). (11) 

Denote for n G Z the harmonics hn{t) := exp (incut) and Pn : L^(T) —)• 
L^(T) the projector on span{hn}. —idt and Hq commute so it holds for 
2 ; G C \ Z strongly: 

{Kq-z}-^ = Y,Pn®{HQ + n-z)-\ ( 12 ) 

nEZ 
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Proof (of Theorem (4.1)). In [28], Theorem 1.3 and Lemma 2.4, it was 
proved that (AT) implies selfadjointness of Kq,K and that (A) holds in a 
neighborhood I of Eq away from wZ for the quadruple Ko,Yk, E, I with 
Vk the operator valued multiplication by 14(f), A := I® ^{xLd + L^x) and 
Ld := A)(A»2 + l)-i,T) := -iV. 

The non-resonance condition ensures that Eq is a simple eigenvalue of Kq 
with eigenstate ho^Siip- Application of Theorem (1.1) to the operator K yields 


T{K,ho0i;) > — 


with 


AE = n'^Im/ho ®'tp,Yo¥-^ (Kq — Ef) + io\ P-*-Vo/io ® V') +o{k^) 

for P = |/io ® 4) {ho ® 41- Now P-*- = ® I + Pq ® so by (12): 


-1 


-1 


Kq - zj = ^ Pn ® {Ho + n- z) ^ -I- Pq ® (^P(f - z 

Furthermore Pq ® P^Vq = Y{m l^o) {hm\ ® P^Vo{0 — m) which implies 
AE = Im (jjj, Vo{—n)Ro {Eq -F n -F fO) Vb(n)4^ + o{k^^^). 

n^’L 

For the case T{H, ijj, to) dto < oo the result now follows from Jensen's 
inequality and Fubini's Theorem: 


T{K,ho®'il:) = 


1 


(4, P(fo + s,fo)'0) dto 


ds 


< [ ^ [ \{'ip,U{to + s,to)ip)f dto ds 

Jr Jo 


= ^ T{H{-),'iI;Yo) dto 


We now apply this general estimate to the AC Stark effect and obtain 

Theorem 4.2. Let W G C'“(M‘^,M) such that for a 6 > 0 and a G Ng 
supj, ||(x)‘^+“5“f4(x)|| < oo. LetE G C'°°([0, Tj; M'^), be a T-periodic function 
with zero mean and Fourier series F{t) = J2n^o 

Let q G (^“(IR; M*^), q{t) = Yln^o which is a T periodic function 

such that q = E. 

Let Eq G M\a;Z be a simple eigenvalue of Hq := —^ApW{x) on P^(M'^) 
with eigenvector 4 such that Eq + wZ f) app{Ho) = {Pq}- 
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For the sojourn time of ip with respect to the propagator generated by 


H{t) :=--A + W{x + Kq{t)) on k F [0,l),t e R : 


it holds: 




where the energy width AE satisfies, 


pj pk , ^ \ 

AE = k^ E Im djWRo{Eo + n + iO)dkWi;j + oin'^/^) 

riEZ 7,^=1 

(13) 

and Rq {Eq + n + iO) denotes the limit of the resolvent of Hq if n ^ 0 and the 
reduced resolvent Ifn = 0. 


Remark 4.3. H{-) Is the Hamiltonian of an electron in the potential W and 
the homogeneous electric field of strength kE{-) in the frame of a freely falling 
observer. To see this, consider the unitary family of phase space translation 
operators S{t) on 

S{t) = 


with T periodic functions q,p such that p = kE and q = p and p G (7“ (I 
such that p = SEzM — — nEq^. Now from the identities 

S~^xS = X + q, S~^DS = D + p 

= (^{qD-px) + ^{pq- qp)^ 

and Ip G S{W^) it follows that 






—idt H - kFx + W{x) Stp = I —idt H - \-W{x + Kq{t)) ip 




Thus if 'p{f) solves the Schrodinger equation for ^ + W {x + nq{t)) then 
S{t)'ip{t) solves the Schrodinger equation for ^ — kEx+W( x) in the laboratory 
frame. 


Proof (of Theorem (4.2)). 
Define 14(t) by 


Kl4(f, x) := W{x Kq{t)) —W{x). 
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Then satisfies Hypotheses (AT) and the sojourn time estimate stated in 
Theorem 4.1 holds. Now Vo{t,x) = (di^W) (x) = 

Vo{x) = Y,j^d,W{x) 
j 

from which the formula for AE follows. I 

5 Sojourn time of multistate systems 

Systems with inner degrees of freedom appear in various physical situations. 
We just mention the Dirac equation and effective Hamiltonians which appear in 
the Born Oppenheimer approximation, see [5, 12, 31]. Here we are interested 
in situations where one channel is binding and the others are propagating; this 
occurs, for example, in molecular predissociation, [17, 10]. 

Theorem 5.1. Consider self-adjoint operators two Hilbert spaces T-Li and 7^2 
and in Til® 7^2 

Hi kV^ 

H2 

such that: 

Hi is self-adjoint in Hi, Eq is a simple eigenvalue of Hi with normalized 
eigenvector ipo 3nd the resolvent if Hi is compact in a punctured complex 
neighborhood of Eq; 

H 2 is self-adjoint in H 2 , there exists a selfadjoint A in H 2 snd an interval 
I around Eq such that 77(772) C 77(772) for s G M and ad\{H 2 ) is 
H 2 —bounded for k G {1, 2} and such that for a positive number c it holds 

x{H2 G 7)i[772, A]x(772 G 7) > cx{H2 G 7); 

the values of [0,1) 9 k —)• I 4 are operators from H 2 to Hi such that 

K I—)■ 14 (772 + f)~^ and k i—)• V* {Hi + f)~^ 

are norm differentiable and such that 

{Hi + i)-^ and V^A^ {H 2 + i)“^ 

extend to bounded operators for k G {1,2}. Then it holds for 77 ; 

r(77,V’o®0) > ^ 

where the energy width AE has the property 

AE = Im (Yo, Vq (772 - (7;o + n) + 70)“^ ^o^o) + o{k^I^). (14) 
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Proof (of Theorem (5.1)). Define 


Ho:=Hi®H2, A:=0©^, : = 



We show that the quadruple Hq,Y,A,I satisfies assumption (A) and apply 
Theorem 1.1. Indeed: 

g-isA = j 0 g-^sA leaves Il(IHIo) invariant by the assumption on A; also 
a(i|^(IHIo) = 0 © ad\{H 2 ) are Hq bounded. 


x(Mo G I)i[A, eo]x(Ho G /) = 0 © x{H2 G I)i[A, H 2 MH 2 G I) 
> cO © x(-f ^2 G /) = cx(IHIo G /) — cx{Hi G /) © 0 


by the Mourre estimate for H 2 , the second term is compact, upon shrinking I 
if necessary, because the resolvent of Hi near Eq is compact. Furthermore for 


A: G {0,1, 2} 



is relatively Hq bounded. Remark that A^ acts on the 'H 2 component so 

is in Zl(A^) and we have proven that the assumption (A) is satisfied. Now the 

claim follow from Theorem 1.1 with the observation 
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